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In 1963, Bedrosian \[[@CR2]\] proved the following result on the Hilbert transform of the product of two functions: Let $\documentclass[12pt]{minimal}
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The Bedrosian identity usually arises in the context of time-frequency analysis. A key question there is the notion of instantaneous amplitude and frequency, where the instantaneous frequency is the derivative of the phase function and is required to be non-negative. Signals with this property are called mono-components; arbitrary signals may be decomposed into mono-components in various ways. When the phase signal is already a mono-component, then its product with an amplitude function is also a mono-component if and only if the Bedrosian identity with *u* as amplitude and *v* as phase function holds \[[@CR5], [@CR6]\]. This observation led to a quest to characterize necessary and sufficient conditions for the Bedrosian identity \[[@CR3], [@CR9], [@CR10]\]. A full characterization of mono-components, which includes mono-components of non-Bedrosian type, is given in \[[@CR7]\]. For computational approaches on signal decompositions into mono-components, see, e.g., \[[@CR4], [@CR8]\].

In this note, we are asking a very different question. Given that the conditions under which the Bedrosian identity holds are highly non-generic, is it possible to provide a generic estimate on the defect that is stronger than separate estimates on the left- and right-hand sides of ([1](#Equ1){ref-type=""})? In the following, we shall show that this is indeed the case when estimating the defect---the Bedrosian commutator---in Sobolev space. In the next section, we state and prove this surprisingly simple result. In the final Sect. [3](#Sec3){ref-type="sec"}, we show that this result implies that the square root of the Laplacian on $\documentclass[12pt]{minimal}
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The commutator estimate {#Sec2}
=======================

As usual, we define the Sobolev space $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar1}
---------
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-----

By the Fourier convolution theorem, for a.e. $\documentclass[12pt]{minimal}
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Remark {#FPar3}
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Note that separate Banach algebra estimates (e.g., \[[@CR1], Theorem 4.39\]) on each of the terms of the commutator yield $$\documentclass[12pt]{minimal}
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Application {#Sec3}
===========

The commutator estimate can be used to study properties of the square root of the Laplacian (defined with the sign convention as a positive operator), i.e., the operator *A* defined via $$\documentclass[12pt]{minimal}
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